
ì	
  
Iterative	
  CT	
  reconstruction	
  
A	
  short	
  introduc-on	
  

I j

I0



Analytic	
  reconstruction	
  

Previous	
  lectures:	
  

Analy&c	
  reconstruc&on	
  techniques	
  

•  analy-c	
  descrip-on	
  of	
  the	
  forward	
  problem	
  

The 2D Radon transform Projection

Projection

Mathematically, the projection λ
is the integral of f(x) along a

(parallel) set of projection lines:

λφ(p) =

�

A

f(x) δ(p−x·n̂φ) d
2x

1 Note: A projection line is

described in the Hessian normal

form by the equation p = x · n̂φ.

2 Note also: The δ-function
“picks” those points x from the

plane A that lie on the

projection line.
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The 2D Radon transform Projection

Radon Transform

We will consider all projections of f as a two-dimensional function
with the arguments p and φ, and write it as λ(p,φ). The transform
f(x1, x2) → λ(p,φ) is called a Radon transform1

In symbols:
λ(p,φ) = R {f(x)} .

The problem of reconstructing f(x) from the (known) projections λ(p,φ)
is basically the determination of the inverse Radon transform, R−1.

1After the mathematician Johann Radon, who described the first mathematical
method for a reconstruction from projections as early as in 1917
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•  solve	
  by	
  analy-cally	
  inver-ng	
  the	
  Radon	
  transform	
  operator	
  

Inverting the 2D Radon transform The filtered backprojection (FBP) algorithm

Filtered Backprojection: formal derivation

Write f(x) as the inverse Fourier transform of F (ρ), in polar coordinates:

f(x) =

�

∞

F (ρ) exp(2πix · ρ) d2ρ

=

2π�

0

∞�

0

νF (νn̂φ) exp(2πi νx · n̂φ) dν dφ

For symmetry reasons:

f(x) =

π�

0

∞�

−∞

|ν|F (νn̂φ) exp(2πi νx · n̂φ) dν dφ

With the Central Slice Theorem we obtain finally:

f(x) =

π�

0

∞�

−∞

|ν|Λφ(ν) exp(2πi νx · n̂φ) dν dφ
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Algebraic	
  reconstruction	
  

Now:	
  

Algebraic	
  reconstruc&on	
  techniques	
  

•  discrete	
  problem	
  representa-on	
  	
  

•  op-miza-on	
  based	
  reconstruc-on	
  techniques	
  

(through	
  algebraic	
  equa-ons)	
  	
  	
  



Problem	
  formulation	
  
Unknown	
  image	
  	
  	
   Observa-on	
  

I j
xiVector	
  of	
  absorp-on	
  coefficients	
  

I j = I0 exp !yj( )

yj = ! log
I j
I0

"

#
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Problem	
  formulation	
  
Unknown	
  image	
  	
  	
   Observa-on	
  

yj
xiVector	
  of	
  aFenua-on	
  coefficients	
  

Total	
  aFenua-on	
  yj:	
  

sum	
  over	
  the	
  aFenua-on	
  in	
  every	
  
voxel	
  that	
  ray	
  j	
  passes	
  through	
  	
  

Aij length	
  of	
  the	
  segment	
  of	
  ray	
  j	
  
that	
  falls	
  into	
  voxel	
  i	
  

yj = Aij
i
! xi

note:	
  A	
  is	
  sparse	
  



Problem	
  formulation	
  

CT	
  reconstruc&on	
  task:	
  

yj = Aij
i
! xi

•  yj	
  is	
  measured	
  

•  Aij	
  can	
  be	
  constructed	
   (similar	
  to	
  ray	
  tracing	
  in	
  dose	
  calcula-on)	
  

Find	
  a	
  solu&on	
  to	
  the	
  linear	
  system	
  of	
  equa&ons	
  



Difficulties	
  

1.	
  One	
  difficulty:	
  Problem	
  size	
  

yj = Aij
i
! xi

Aij	
  is	
  sparse	
  but	
  s-ll	
  very	
  large	
  (may	
  not	
  fit	
  in	
  memory)	
  

512	
  x	
  512	
  x	
  200	
  
(#pixels)2	
  x	
  #angles	
  

2.	
  Problem	
  is	
  ill-­‐posed	
  

•  underdetermined	
  (many	
  solu-ons)	
  
•  overdetermined	
  (no	
  solu-on)	
  

(reconstruc-on	
  from	
  undersampled	
  projec-ons)	
  



Projection	
  methods	
  

Find	
  a	
  solu&on	
  to	
  the	
  system	
  of	
  linear	
  equa&ons	
  
•  x	
  is	
  a	
  N-­‐dimensional	
  vector	
  
•  each	
  measurement	
  yj	
  defines	
  in	
  (N-­‐1)-­‐dimensional	
  hyper-­‐plane	
  

Solu&on	
  method:	
  

Itera&vely	
  project	
  on	
  hyper-­‐planes	
  

First	
  approach:	
  



Projection	
  

x yj = Aij
i
! xi = aj " x
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x1

x2

aj

yj
aj ! x

k

xk

xk+1

xt+1 = xt ! (aj " x
t ! yj )

aj
aj



Iterative	
  Projection	
  

x1

x2 xk

xk+1

xk+2

Itera-vely	
  project	
  on	
  planes	
  
•  If	
  there	
  is	
  a	
  unique	
  solu-on,	
  the	
  

projec-on	
  method	
  converges	
  to	
  
that	
  solu-on	
  



Variation	
  

x1

x2 xk

xk+1

xk+2 xt+1 = xt ! 1
M

(aj " x
t ! yj )

aj
ajj=1

M

#

Project	
  on	
  all	
  planes	
  and	
  take	
  
an	
  average	
  step	
  	
  



Optimization	
  methods	
  

Look	
  at	
  this	
  as	
  an	
  op&miza&on	
  problem	
  
(can	
  address	
  the	
  ill-­‐posed-­‐ness	
  this	
  way)	
  

Second	
  approach:	
  

yj = Aij
i
! xi

x
minimize yj ! Aij

i
" xi
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System	
  of	
  linear	
  equa-ons	
  

Least	
  square	
  minimiza-on	
  problem	
  



Gradient	
  descent	
  

Most	
  basic	
  op&miza&on	
  method:	
  Gradient	
  descent	
  

C(x) = yj ! Aij
i
" xi

#

$
%

&

'
(

2

j
"

Gradient	
  vector	
  points	
  in	
  the	
  direc&on	
  of	
  steepest	
  ascent	
  	
  	
  

!xC =
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Gradient	
  descent	
  

Objec&ve	
  func&on	
   C(x) = yj ! Aij
i
" xi
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!C
!xi

= " 2 yj " Aij
i
# xi
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)Aij

j
#

!xC = " 2 yj " Aij
i
# xi
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Calculate	
  gradient	
  

xt+1 = xt !!"xC(x
t )

xt+1 = xt ! (aj " x
t ! yj )

aj
aj

= ! 2 yj ! aj " x( )aj
j
#

Calculate	
  descent	
  



Gradient	
  descent	
  

Compare	
  to	
  projec&on	
  method	
  

Projec&on	
  

xt+1 = xt !!"xC(x
t )Calculate	
  descent	
  

xt+1 = xt ! 1
M

(aj " x
t ! yj )

aj
ajj=1

M

#

= xt !! 2 aj " x
t ! yj( )aj

j=1

M

#

•  Projec-on	
  method	
  can	
  be	
  interpreted	
  as	
  gradient	
  descent	
  
(for	
  par-cular	
  step	
  size	
  and	
  weigh-ng	
  factors)	
  



Summary	
  

Historically:	
  

Contemporary	
  topics:	
  

Different	
  versions	
  of	
  projec-on	
  methods	
  

(ART,	
  SIRT,	
  SART,	
  …)	
  

•  Reconstruc-on	
  from	
  incomplete	
  data,	
  Compressed	
  sensing	
  methods	
  

x
minimize yj ! Aij

i
" xi

#
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'
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2

j
" +TV(x)

L1-­‐regulariza-on	
  

•  Reconstruc-on	
  using	
  prior	
  knowledge	
  

•  Improved	
  forward	
  models,	
  e.g.	
  beam	
  hardening	
  


