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3.	
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  registra5on	
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Overview	
  

Today:	
  Intra-­‐modality	
  registra5on	
  

e.g.	
  CT	
  to	
  CT	
  (Hounsfield	
  number	
  is	
  quan9ta9ve)	
  

Formulate	
  as	
  op5miza5on	
  problem	
  
Problem	
  formula9on	
  

Image	
  transforma9on	
  

Gradient	
  calcula9on	
  

Next	
  lecture:	
  Mul5-­‐modality	
  registra5on	
  

Mutual	
  informa9on	
  



Problem	
  formulation	
  

Goal:	
   find	
  a	
  transforma9on	
  that	
  maps	
  every	
  voxel	
  in	
  one	
  image	
  
to	
  the	
  corresponding	
  voxel	
  in	
  the	
  reference	
  image	
  

Reference	
  Image	
  Image	
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Problem	
  formulation	
  

I x, y( )

Consider	
  the	
  image	
  as	
  a	
  func9on	
  in	
  3D	
  (here	
  2D)	
  

We	
  have	
  a	
  discrete	
  representa9on	
  of	
  the	
  func9on	
  

I i, j( )

(scalar,	
  real	
  valued)	
  

(evaluated	
  at	
  voxel	
  (i,j))	
  

Image	
  transforma9on	
  means	
  

IR i, j( ) ~ I x = fx (i, j), y = fy (i, j)( )
•  coordinate	
  transforma9on	
  

•  not	
  changing	
  the	
  “image	
  func9on”	
  itself	
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Transformation	
  function	
  

Specifica5on	
  of	
  the	
  transforma5on	
  func5on	
   f

Rigid	
  /	
  Affine	
  registra9on	
   Deformable	
  registra9on	
  

•  few	
  parameters	
  

•  global	
  representa9on	
  of	
  
the	
  transforma9on	
  

•  many	
  parameters	
  

•  local	
  representa9on	
  of	
  the	
  
transforma9on	
  



Rigid	
  registration	
  

Angles	
  and	
  length	
  of	
  line	
  segments	
  are	
  preserved	
  

In	
  2D:	
  

•  transla9on	
  
•  rota9on	
  

•  2	
  parameters	
  for	
  transla9on	
  
•  1	
  angle	
  for	
  rota9on	
  

In	
  3D:	
   •  3	
  parameters	
  for	
  transla9on	
  
•  3	
  angles	
  for	
  rota9on	
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Rigid	
  registration	
  

Angles	
  and	
  lengths	
  of	
  line	
  segments	
  are	
  preserved	
  

In	
  2D:	
  

•  transla9on	
  
•  rota9on	
  

•  2	
  parameters	
  for	
  transla9on	
  
•  1	
  angle	
  for	
  rota9on	
  

Homogeneous	
  coordinates:	
  

x
y
w

!

"

#
#
#

$

%

&
&
&
=

cos! 'sin! tx
sin! cos! ty
0 0 1

!

"

#
#
##

$

%

&
&
&&

i
j
1

!

"

#
#
#

$

%

&
&
&

(single	
  matrix	
  mul9plica9on)	
  



Affine	
  registration	
  

Most	
  general	
  transforma9on	
  that	
  preserves	
  parallelism	
  
between	
  lines	
  

2D: 	
  6	
  parameters	
  
3D: 	
  12	
  parameters	
  

•  transla9on 	
   	
  2	
  
•  rota9on 	
   	
  1	
  
•  scaling	
   	
   	
  2	
  
•  shearing 	
   	
  1	
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Basic	
  transformations	
  

Scene Reconstruction, Pose Estimation and Tracking 170

vector v and κ v ( ℜ∈κ ) represent the same point, an important advantage of using 
homogeneous coordinates is that original and transformed positions, as well as composition 
of transformations, are related by matrix multiplications [Hartley and Zisserman, 2000]. 
Figure 3, illustrates the Euclidian, Similarity, Affine and Projective transformation. 

Figure 3. Linear Transformations in Homogeneous Coordinates: (a) Original, (b) Euclidean, 
(c) Similarity, (d) Affine and (e) Projective 

5.1 Euclidean Transformations 

In the case of Euclidian Transformation, angles and length of line segments are preserved, 
and only translations and rotations are allowed (see Figure 3(b)). This transformation have 
three parameters, Θ = {φ, ti, tj}, where φ is the rotation angle, and ti, tj are translation in 
directions i and j respectively. Using HC, x(Θ,i,j)=xh/wh and y(Θ,i,j)=yh/wh, can be represented 
by:
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5.2 Similarity Transformations 

Besides translations and rotations, an isotropic scaling given by s is allowed (the same in 
both directions). Under this transformation, objects can be bigger or smaller, but their 
original shape is preserved (see Figure 3 (c)). The matrix representation, Hs, for this 
transformation is given by 
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transla9on	
   rota9on	
   projec9ve	
  affine	
  similarity	
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Optimization	
  problem	
  

!
minimize C = I x(i, j;!), y(i, j;!( )" IR i, j( )#$ %&

2

i, j
'

Determining	
  the	
  transforma5on	
  parameters	
  …	
  

“make	
  transformed	
  image	
  similar	
  to	
  the	
  reference	
  image”	
  

Formulate	
  as	
  op5miza5on	
  problem	
  

C = g eij( )
i, j
! g eij( ) = eij2



Optimization	
  algorithm	
  

!t+1 " !t #!$!C

Most	
  generic	
  algorithm:	
  gradient	
  descent	
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Note:	
  calcula9ng	
  the	
  gradient	
  is	
  also	
  
the	
  basis	
  for	
  more	
  advanced	
  
algorithms	
  

e.g.	
  Quasi-­‐Newton	
  methods	
  



Calculating	
  derivatives	
  

Calcula9ng	
  deriva9ves	
  

!C
!"k

=
!C
!eiji, j

#
!eij
!"k

influence	
  func9on	
  
“how	
  much	
  does	
  the	
  objec9ve	
  func9on	
  change	
  if	
  the	
  error	
  in	
  voxel	
  (i,j)	
  changes”	
  

“how	
  much	
  does	
  the	
  error	
  in	
  voxel	
  
(i,j)	
  change	
  if	
  the	
  transforma9on	
  
parameters	
  change”	
  

(chain	
  rule)	
  

= 2eij = 2 I x(i, j;!), y(i, j;!( )" IR i, j( )( )



Calculating	
  derivatives	
  

Calcula9ng	
  deriva9ves	
  

(chain	
  rule	
  in	
  higher	
  dimensions)	
  

independent	
  of	
  Θ	
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Calculating	
  derivatives	
  

Image	
  gradient	
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Coordinate	
  matrix	
  model	
  

“how	
  much	
  does	
  the	
  image	
  
change	
  at	
  point	
  (x,y)”	
  

“how	
  much	
  does	
  the	
  point	
  (x,y)	
  
change	
  when	
  changing	
  the	
  
transforma9on	
  parameters”	
  



Calculating	
  derivatives	
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Coordinate	
  matrix	
  model	
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Example:	
  affine	
  transforma9on	
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Calculating	
  image	
  gradients	
  

Image	
  is	
  given	
  at	
  discrete	
  posi5ons	
  (i,j)	
  

But,	
  registra9on	
  requires	
  evalua9on	
  at	
  (x,y)	
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Gradient	
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  (x,y)	
  



Bilinear	
  interpolation	
  

I x, y( ) = I i+!x , j +!y( )

= !xI i+1, j +!y( )+ 1!!x( ) I i, j +!y( )

!yI i+1, j +1( )+ 1!!y( ) I i+1, j( )

(i+1, j +1)

(i, j)

!x (1!!x )

(x, y)

Voxel	
  size	
  =	
  1	
  



Calculating	
  image	
  derivatives	
  

!I i, j( )
!i

"
I i+1, j( )# I i#1, j( )

2

Simplest	
  method:	
  finite	
  differences	
  

Main	
  problem:	
  

•  Sensi9ve	
  to	
  noise	
  

poten9ally	
  beXer:	
  Deriva9ves	
  of	
  Gaussian	
  filters	
  



Calculating	
  image	
  derivatives	
  

IS x, y( ) = I(x ', y ')g(x ! x ')g(y! y ')dx 'dy '
"

##
Consider	
  smoothed	
  image:	
  

Deriva9ve:	
  

!IS x, y( )
!x

=
!
!x

I(x ', y ')g(x " x ')g(y" y ')dx 'dy '
#

$$

= I(x ', y ')g '(x ! x ')g(y! y ')dx 'dy '
"

##
Deriva9ve	
  of	
  the	
  Gaussian	
  

!I i, j( )
!i

" I i ', j '( )
j '
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i '
# g '(i$ i ')g( j $ j ') (discrete	
  version)	
  

Gaussian	
  



Image	
  gradient	
  

Image	
   y-­‐component	
  of	
  gradient	
  



Local	
  minima	
  

Mean	
  Squared	
  Difference	
  for	
  shiTed	
  image	
  

shiV	
  in	
  x	
  [#	
  pixels]	
  

è	
  	
  	
  	
  Local	
  minima	
  occur	
  

mean	
  squared	
  error	
  



Local	
  minima	
  

Mean	
  Squared	
  Difference	
  for	
  shiTed	
  image	
  

The	
  image	
  is	
  a	
  non-­‐convex	
  func9on	
  

posi9on	
  x	
  

gray	
  value	
  



Summary	
  

Topic:	
  Parametric	
  image	
  registra5on	
  

explicit	
  representa9on	
  of	
  coordinate	
  transforma9on	
  

Minimize	
  difference	
  of	
  reference	
  and	
  transformed	
  image	
  	
  

(rigid,	
  affine)	
  

Use	
  chain	
  rule	
  to	
  calculate	
  gradients	
  

•  influence	
  func9on	
  
•  image	
  gradient	
  
•  coordinate	
  matrix	
  model	
  

So	
  far:	
  Intra-­‐modality	
  registra5on	
  



Summary	
  

Quadra9c	
  objec9ve:	
  

Gradient	
  evalua9on:	
  

!
minimize I x(i, j;!), y(i, j;!( )" IR i, j( )#$ %&
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Coordinate	
  matrix	
  model	
  

Influence	
  func9on	
  


